The transfer matrix method is applied to the RUckel molecular orbital theory of the nelectron system of conjugated molecules. The procedure to obtain the analytical expression of the eigenvalue equation is represented for the n-orbital energies of the molecules which contain topological structures such as the side chain, the branched terminal, the ring terminal and the bubble branch. Such topological structures are reduced into effective n-centers and bonds with renormalized Coulomb and resonance integrals, respectively. Then eigenvalue equations of the systems with a complex topological structure are formally brought into the same form as that for the simple chain or ring system. As an illustration of the method the eigenvalue equation is derived for the bond-alternated heterocyclic system with heterologous terminals. By applying the reduction procedure, the eigenvalue equations are derived for the bond-alternated polyenes with repeated side chains and terminal groups, polyphenyls and linear polyacenes. §
The Hiickel molecular orbital (HMO) theory has been widely used in many researches on the electronic structures of n--conjugated molecules. In the HMO theory an eigenvalue equation for hydrocarbon molecules depends only on the topological structure of molecules, and that for molecules containing heteroatoms depends on distribution of heteroatoms as well as the topological structures, when the empirical parameters for heteroatoms are given independently of individual molecules. Although some attempts to correlate eigenvalue equations of HMO theory with the topological struture of molecules 1 l-•l have been reported, it has been customary to solve equations by direct numerical calculation. However, in many kinds of problem, in particular to compare the electronic states of a structurally related series of compounds or to know systematically effects of substituents or end groups, it is desirable to solve the eigenvalue equation in such a way that effects of the topological structure of molecules are evident.
In this paper, we apply the transfer matrix method which has been developed by Kerner, 6 l Schmidt/l Hori and Asahi, 8 l and Matsuda 9 l in the study of nmdom lattice vibration, and develop a method to represent analytically eigenvalue equations of HMO theory in the form which correlates evidently with the topological structure of molecules. We derive a general rule to write down the eigenvalue equations for molecules containing such topological structures as a side chain, branched terminal, ring terminal and bubble branch. It is also shown that such topological structures may be reduced into the effective n-centers and effective bonds with renormalized Coulomb and resonance integrals, and that the eigenvalue equations for complex systems may be reduced into the same forms as those for the simple chain and ring systems.
As an illustration of the method, the ~igenvalue equations are derived for a bond-alternated heterocyclic system with heterologous terminals, which was treated with another method by Tanika wa, Suzuki and Y omosa. 10 l We also obtain from this system the eigenvalue equation for such systems as bond-alternated polyenes with repeated side chains and terminal groups, polyphenyls and linear polyacenes. The energy band structures are obtained for infinite polyphenyls and infinite linear polyacene .. § 2. Eigenvalue equations for the chain and the ring systems We consider the chain and the ring systems as shown in Fig. 1 . The molecular orbital (MO) of the n-conjugated system is given in terms of the natomic orbitals Xr by
The eigenvalue equation in the HMO theory is given by the recursion formula f3nCn+l + a"C" + f3,.-1Cn-l = sC,. , (2 · 2) except for the terminal atoms, where an is the Coulomb integral of the n-th n-center, {3,. is the resonance integral between the n- energy. We introduce the two-dimensional matrix T,., the transfer matrix and the vector Un as follows:
Then the recursion formula (2 · 2) is rewritten as
By using Eq. (2 · 4) repeatedly, the vectors U,. and Um are found to relate each other by the transfer matrices as (2·5)
1) The chain molecule
The recursion formula at the position of the terminal atoms, i.e., the 1-st and the N-th atoms in Fig. 1 (a) 
where {3N and {30 are arbitrary non-zero constants. With the above convention we can also define the transfer matrices for the terminal n-centers in the same form as Eq. (2·4). From the boundary condition that CN+l and C0 are equal to zero and from Eq. (2 · 5), we have the eigenvalue equation for the linear chain:
where (2·9) X 11 is the (1, 1) element of the matrix X and Tr(X) is the trace of the matrix X.
2) The ring molecule
In this case (Fig. l(b) )hold the relationsCN+l=C1 and C0 =CN. Therefore, the periodic boundary condition (2·10) is satisfied. From the periodic boundary condition (2 ·10) and Eq. (2 · 5), we have Therefore, the eigenvalue equation is given by
where det ( Y) is the determinant of the matrix Y. By using the relation
which holds for two-dimensional matrices, and from unimodularity of the matrix X, Eq. (2 ·11) may be written as
Equation (2 ·13) is the eigenvalue equation for the ring system. The above treatment for the simple chain and ring systems is essentially the same as that for the vibration of the random chain and ring lattices given by Hori and Asahi 8 l and Matsuda. 9 l § 3. Reductions of complex systems
1) A side chain
Here we cosider the chain molecule with a side chain of M atoms branched from the S-th atom of the main chain as shown in Fig. 2(a) . The recursion formula at the branch point is
where the primed letters denote the quantities belonging to the side chain. The recursion formula for the side chain is given in the same form as Eq. (2 · 2): 
The transfer matrix Tn' for the n-th part of the side chain is defined by the same way as Eq. (2 · 3). From the relation the following relation holds at the terminal of the side chain:
Therefore, we have
Substituting Eq. (3 · 4) into Eq. (3 ·1), we obtain the recursion formula at the branch point reduced in the same form as Eq. (2·2) with the renormalized Coulomb integral a. instead of a.:
Thus the effect of the side chain is represented by the energy dependent renormlization (3 · 6) of the Coulomb integral at the branch point.
2) A branched terminal
The system represented in Fig. 2(b) is regarded as the system with a side chain, and treated by the method described above. However, the above treatment is not symmetric for the two branches and, in many cases, it is desirable to treat the two terminal branches in a syn;tmetric way. We give here a symmetric treatment of the branched terminal. At the terminal branch point, the following recursion formula is satisfied:
where the single-and the double-primed letters represent the quantities belonging to the first and the second branches, respectively. From the boundary conditions at the terminals of the first and the second branches and from Eq. Equation (3 · 9) is of the same form as the recursion formula at the terminal. Thus the branched terminal is equivalent to the terminal with the renormalized Coulomb integral (3 ·10).
3) A ring terminal
We next consider the ring terminal given in Fig. 2 
where
Here we have used the relation det Z=/30 1 /{3N 1 • Thus the ring terminal is reduced to the simple terminal with the renormalized Coulomb integral of Eq. (3 ·15).
4) A bubble branch
We now consider the bubble branch represented in Fig. 2(d) . The recursion formula at the branch point n shown in Fig. 2 (d) is 
From Eqs. (3 ·16) and (3 ·17) we obtain the reduced recursion formula at the branch point n as
an-an
In the derivation of these expressions we have used the relation
Similarly we obtain the reduced recursion formula at the branch point n + 1 as
Thus the bubble branch is reduced to the double bond between the two effective 1!-centers. The renormalized Coulomb and resonance integrals are given by Eqs.
(3·19) and (3·21).
5) A double ring
The double ring represented in Fig. 2(e) is a special case of the bubble branch: the ring system containing a bubble branch. The triple ring may also be considered as a special case of the bubble branch, that is, the ring containing the two bubbles. Similarly we may consider linear polyacene as the ring system with multiple bubbles. The eigenvalue equation for the double ring can be written down immediately with the aid of the results obtained for the bubble branch. The double ring can be treated as a single ring when the Coulomb integrals for the atoms 1, N and the resonance integral between them are replaced with the renormalized ones given by Eqs. (3 ·19) and (3 · 21). Thus the eigenvalue equation for the double ring is Tr(TNTN-1"'T2T1) =2, (3 ·22) where
_ _ _ 13 ,z;2 + 13 ,z:l
The schematic summary of the results obtained are listed in Table I . The recursion formula at the branch point is rewritten in the same form as that of Table I (d). With use of these reduction procedures, the systems with complex topological structures except such polyacenes as coronene, pyrene, etc., are reduced to the simple chain or the ring system. Finally we note that if the system with the branched terminals or the bubble branches is of the symmetrical form with respect to the main chain, then the eigenvalue equation has the solutions which are not involved in the reduced 
a2-a2+I1M z 1 -.,o z , 11 11 p~K+}o .. ·16). This solution is nothing but the solution anti-symmetric with respect to the main chain and not included in the reduced recursion formula. This missing of the anti-symmetric solution in the reduced recursion formula is reasonable since the anti-symmetric solutions are dependent only on the branches and no inference tothe main chain is necessary to determine them. Thus Eq. (3 · 25) for each branch gives the eigenvalues of the anti-symmetric solutions. § 4. The charge density and the bond order
We now give the expressions for the charge density and the bond order of the simple ring system in terms of the transfer matrix. We define the Green's function, by G (e) ="" C,.).Cm).
nm.
~ '
• s).-s where C,.). is the coefficient of the orbital ). at the atom n and e). is the energy of the orbital ). :
C,.).=C,.(e).).
The charge density of the orbital ). at the atom m is given by
Pm(e).) =Cm).Cm).=Res•=•.tGmm(e),
where Res•=•.t denotes the residue of the function Gmm (e) at the pole e =e).. 
Similarly the bond order of the orbital
From Eqs. (4·11) and (4·6) we obtain the expression of Gmm in terms of the transfer matrices as
By noting that JmTm=X and using Eq. (2·12), the above equation is rewritten as
From Eqs. ( 4 · 3) and ( 4 ·13) the charge density is obtained as 
(4·16)
The chain system may be considered as the limiting case where, in the ring system, the resonance integral {3 of the bond between two atoms corresponding to the terminal atoms of the chain system tends to zero. Therefore, the expressions of the charge density and the bond order in the chain system containing N atoms are obtained as the limiting expressions of {3N = 0 in the Eq. ( 4 ·16) and (4·17). § 5. Examples of the application for large molecules 1) The bond-alternated heterocyclic system with heterologous terminals .
Usefulness of the present method resides in the fact that it is possible to derive easily the eigenvalue equation for the systems of complex topological structures from the one of the much simpler skeltal system by applying the rules of the reduction procedure. As an application of the present method to complex conjugated molecules, we derive here the eigenvalue equation for the bondalternated heterocylcic system with heterologous terminals, as represented in Figs. 3(a) and 3(b) . The Coulomb integrals of the two kinds of n-centers are a and a', and those of the terminals are a1 and a2. The resonance integrals of the alternating bonds are fl1 and fl2· The n-centers and the bonds are not necessarily the real atoms and the real bonds, but may be the effective n-centers and bonds obtained by the reduction procedure described in § 3.
We introduce the following parameters in place of a's and {l's for the ncenters and the bonds as usually done:
where {3 is the resonance integral for the standard carbon-carbon bond. The transfer matrices for the even-numbered n-centers, for the odd numbered ones and for the terminal 1 are, respectively, 
the eigenvalue equation for the 2N and 2N + 1 chains may be respectively given as follows:
The matrix U is transformed into the diagonal matrix whose diagonal elements are e 16 and e-ie, because of unimodularity of U, so that the following relation holds:
From Eqs. (5·7) and (5·10), we obtain
In the case of (J = 0, the relation (5 ·11) reduces to the one obtained by LennardJones11l for the simple bond-alternated polyene. By using the transformation of the matrix U to the diagonal matrix, i.e., 
m the eigenvalue equations (5 · 8) and (5 · 9) may respectively be represented as follows, in terms of (} which is related to the orbital energy m through Eq. (5 ·11):
When the terminal n-centers are the same as the internal n-centers, i.e., when o1 =o, o2=0 for 2N-chain and o1 =o2=o for 2N+1 chain, Eqs. (5·14) and (5·15) respectively become (5 ·17) 2) Bond-alternated polyene with repeated side chains and terminal groups
SID(}
The bond-alternated polyene with repeated side chains and terminal groups represented in Fig. 3(c) can be reduced into the system represented in Fig. 3 
where Z is the matrix defined to the side chain by Eq. (3 · 3) and {30' is the resonance integral of the bond between the side chain and the corresponding 7!'-center of the main chain. When the effect of the side chain is treated as an inductive effect, the eigenvalue equation is obtained by reading o as an inductive parameter. Detailed discussion, using the present result, on the effects of the side chains on the bond alternation of polyenes shall be given elsewhere. (c) at a2
a a n-1 n+1 Fig. 3 . The bond alternating systems of regular arrangement of two kinds of rr-centers. Explanations for the notation in each figure are given in the text. The bond alternation is not taken into account in the case of (g).
3) Polyphenyls
We consider the polyphenyls consisted of N benzene rings as represented in Figs. 3(d) and 3(e). By using the results of § 3. 4, each benzene ring in the polyphenyls can be reduced to an effective bond having the renormalized resonance integral {3 between two effective ;or-centers with the renormalized Coulomb integral a. As shown in Fig. 3(f) , therefore, we can consider the polyphenyls as the bond-alternated polyenes of 2N renormalized ;or-centers. Then we can write down the eigenvalue equation by using the results of § 5. 1. We take different values {i and k{i for the resonance integrals of the bonds in the benzene ring and the bonds between the benzene rings, respectively, in order to take account of the effect of tilting between the benzene rings. In the case of para-polyphenyls ( Fig. 3(d) ) the matrices Z' and Z" defined in § 3. 4 are expressed m terms of
where T is a transfer matrix for the internal n-centers in the n-conjugated linear chain system composed of carbon atoms:
From Eq. (3 ·19), for the renormalized centers and bonds, respectively, we obtain In the case of meta-polyphenyl as represented in Fig. 3 (e) , the matrices Z' and Z" defined in § 3. 4 are T and T 8 , respectively. Analogously to the case of para-polyphenyl we can obtain the eigenvalue equation. Here we consider only the case where the resonance integrals of the intra-and inter-ring bonds are the same. We give only the results. The eigenvalue equation is 
4) Linear polyacene
In contrast to the case of m polyphenyls, the band gap of infinite polyacene, in which all the pairs of bonded carbon atoms are 
